\UKMT_/ 


British Mathematical Olympiad 
Round 1 


1997 to 2000 


Organised by the United Kingdom Mathematics Trust 


Contents 
Introduction ii 
Further Reading ii 
BMO! Rubric l 
1997 paper 2 
1998 paper 3 
1999 paper 4 
2000 paper 5 
1997 solutions 6 
1998 solutions 16 
1999 solutions 30 
2000 solutions 39 


©UKMT 2004 


Introduction 


This booklet contains the questions and solutions for the British Mathematical 
Olympiad Round 1 papers for the academic sessions 1996-97, 1997-98, 1998- 
99 and 1999-2000. BMO1 is a serious test in itself but it also acts as a gateway 
to BMO2 and further events leading to the selection of the United Kingdom 
team to compete in the International Mathematical Olympiad — held each 
summer. Each year, a booklet is produced covering both BMO1 and BMO2 
and it is sent to schools who took part. In that booklet, there is a standard 
comment about the solutions: 


‘These solutions are the result of many hours of work by a large 
number of people. They have been subject to many drafts and 
revisions. As such, they do not resemble the first jottings, failed 
ideas and discarded pages of rough work with which any solution is 
Started. Before looking at the solutions pupils and teachers are 
encouraged to make a good effort to solve the problems by 
themselves. Without wrestling with the problem oneself, it is hard to 
develop a feeling for the question, to understand where the 
difficulties lie and to appreciate why one method of attack is 
successful while another may fail. Reading these solutions without 
first attempting the question is unlikely to be of much benefit. 

Many thanks are due to the contestants and to the members of the 
setting committee who contributed variety, refinement, inventiveness 
and precision to these written solutions.’ 


It is hoped that the material in this booklet is tackled in the same spirit. 


Further Resources 


There is a wide range of books which can help students prepare for BMO 1. 
The most appropriate is, without doubt, 


The Mathematical Olympiad Handbook - An Introduction to Problem Solving 
based on the First 32 British Mathematical Olympiads 1965-1996 


by Tony Gardiner, Oxford University Press, ISBN 0 19 850105 6 


Further useful books are 
Elementary Number Theory 
by David M. Burton, Allyn and Bacon, ISBN 0 205 06978 9 


Student Problems from the Mathematical Gazette 
The Mathematical Association (www.m-a.org.uk) ISBN 0 906588 49 9 


It is hoped that, in due course, a section of the UKMT website will offer further 
Suggestions. 


ANG TOTO RIE ERA m o 


The rubric for all the papers in this booklet is: 


Time allowed 


Instructions 


British Mathematical Olympiad 


Round 1 
Three and a half hours. 


Full written solutions — not just answers — are 
required, with complete proofs of any assertions 
you may make. Marks awarded will depend on 
the clarity of your mathematical presentation. 
Work in rough first, and then draft your final 
version carefully before writing up your best 
attempt. 


Do not hand in rough work. 


One complete solution will gain far more credit 
than several unfinished attempts. It is more 
important to complete a small number of 
questions than to try all five problems. 


Each question carries 10 marks. 


The use of rulers and compasses is allowed, but 
calculators and protractors are forbidden. 


Start each question on a fresh sheet of paper. 
Write on one side of the paper only. On each sheet 
of working write the number of the question in the 
top left hand corner and your name, initials and 
school in the top right hand corner. 


Complete the cover sheet provided and attach it to 
the front of your script, followed by the questions 
1, 2, 3, 4, 5 in order. 


Staple all the pages neatly together in the top 
left hand corner. 


Wednesday, 15 January 1997 


N is a four-digit integer, not ending in zero, and R (N) is the four-digit 
integer obtained by reversing the digits of N; for example, 
R(3275) = 5723. 


Determine all such integers N for which R(N) = 4N + 3. 


For positive integers n, the sequence a), 2, 43, ... , Am, ... is defined by 
n+] 
(" -1 
Determine the value of aj997. 


a, = 1, a, = (arta, +as+ rai +an-ı), n>l. 


The Dwarfs in the Land-under-the-Mountain have just adopted a 
completely decimal currency system based on the Pippin, with gold coins 
to the value of 1 Pippin, 10 Pippins, 100 Pippins and 1000 Pippins. 

In how many ways is it possible for a Dwarf to pay, in exact coinage, a bill 
of 1997 Pippins? 


Let ABCD be a convex quadrilateral. The midpoints of AB, BC, CD and DA 
are P, Q, R and S, respectively. Given that the quadrilateral PORS has area 
1, prove that the area of the quadrilateral ABCD is 2. 


Let x, y and z be positive real numbers. 


; Aa , 1 1 

(i) Ifx+y+z > 3,isit necessarily true that — + — + : < 3? 
x y z 

z ad l 1 1 

(ii) Ifx+y+z < 3,isit necessarily true that — + — + L 2 3? 
x y z 


cache Aan Rly WE 


Wednesday, 14 January 1998 


A5 x 5 square is divided into 25 unit squares. One of the numbers 1, 2, 3, 
4, 5 is inserted into each of the unit squares in such a way that each row, 
each column and each of the two diagonals contains each of the five 
numbers once and only once. The sum of the numbers in the four squares 
immediately below the diagonal from top left to bottom right is called the 
score. 

Show that it is impossible for the score to be 20. 

What is the highest possible score? 


Let a; = 19, a = 98. Forn > 1, define a, 2 to be the remainder of 
a, + Gn+ 1 When it is divided by 100. What is the remainder when 

a; + aa E uia + a is 
is divided by 8? 


ABP is an isosceles triangle with AB = AP and ZPAB acute. PC is the line 
through P perpendicular to BP, and C is a point on this line on the same 
side of BP as A. (You may assume that C is not on the line AB.) D 
completes the parallelogram ABCD. PC meets DA at M. 


Prove that M is the midpoint of DA. 


Show that there is a unique sequence of positive integers (an) satisfying the 
following conditions: 


a, = l, a, = 2, a, = 12 


An+14n-1 = a +1 for n= 2; 3; 4) 2554 


In triangle ABC, D is the midpoint of AB and E is the point of trisection of 
BC nearer to C. Given that ZADC = ZBAE find ZBAC. 


Wednesday, 13 January 1999 


I have four children. The age in years of each child is a positive integer 
between 2 and 16 inclusive and all four ages are distinct. A year ago the 
Square of the age of the oldest child was equal to the sum of the squares of 
the ages of the other three. In one year’s time the sum of the squares of the 
oldest and the youngest will be equal to the sum of the squares of the othe: 
two children. 

Decide whether this information is sufficient to determine their ages 
uniquely, and find all possibilities for their ages. 


A circle has diameter AB and X is a fixed point of AB lying between A and 
B. A point P, distinct from A and B, lies on the circumference of the circle. 
Prove that, for all possible positions of P, 


tan ZAPX 


tan ZPAX 
remains constant. 


Determine a positive constant c such that the equation 
w-y-xtyeec 
has precisely three solutions (x, y) in positive integers. 


Any positive integer m can be written uniquely in base 3 form as a string of 
0’s, 1’s and 2’s (not beginning with a zero). For example 


98 = (1 x 81) + (0 x 27) + (1 x 9) + (2 x 3) + (2 x 1) = (10122). 


Let c(m) denote the sum of the cubes of the digits of the base 3 form of m; 
thus, for instance 


c(98) = P +04 134 234.23 = 1g 
Let n be any fixed positive integer. Define the sequence (u,) by 
uj =n and u, = c(u,_;) for r > 2. 
Show that there is a positive integer r for which u, = 1, 2or 17. 


Consider all functions J from the positive integers to the positive integers 
such that 


(i) for each positive integer m, there is a unique positive integer n such 
that f (n) = m: 


(ii) for each positive integer n, we have 
f(n + 1) is either 4f (n) — l orf (n) — 1. 


Find the set of positive integers p such that f (1999) = p for some function 
f with properties (i) and (ii). 


Wednesday, 12 January 2000 


Two intersecting circles Cı and C, have a common tangent which touches 
C, at P and C; at Q. The two circles intersect at M and N, where N is 
nearer to PQ than M is. The line PN meets the circle C3 again at R. Prove 
that MQ bisects angle PMR. 


Show that, for every positive integer n, 
121" — 25" + 1900" - (-4)" 
is divisible by 2000. 


Triangle ABC has a right angle at A. Among all points P on the perimeter 
of the triangle, find the position of P such that 


AP + BP + CP 
is minimized. 


For each positive integer k, define the sequence {an} by 
ay = 1 and a, = kn + (-1)"an-1 foreach n > 1. 
Determine all values of k for which 2000 is a term of the sequence. 


The seven dwarfs decide to form four teams to compete in the Millennium 
Quiz. Of course, the sizes of the teams will not all be equal. For instance, 
one team might consist of Doc alone, one of Dopey alone, one of Sleepy, 
Happy and Grumpy as a trio, and one of Bashful and Sneezy as a pair. In 
how many ways can the four teams be made up? (The order of the teams 
or of the dwarfs within the teams does not matter, but each dwarf must be 
in exactly one of the teams.) 


Suppose Snow White agreed to take part as well. In how many ways could 
the four teams then be formed? 


Solutions to the 1997 paper 


l. N is a four-digit integer, not ending in zero, and R(N) is the four-digit 
integer obtained by reversing the digits of N: for example, 
R (3275) = 5723. 


Determine all such integers N for which R(N) = 4N + 3. 


Solution ] . 


Let N = 1000a + 100b + 10c +d whence R(N) = 1000d + 100c + 10b +a and 
we have 1000d + 100c + 10b +a = 4000a + 400b + 40c + 4d +3 whence 
996d + 60c = 390b + 3999a + 3 or 332d + 20c = 130b + 1333a + 1. 


Now, (i) ais odd (else LHS even while RHS odd); and 
(ii) ifa > 3, we have LHS < 3168 (when c = d = 9) < 4000 < RHS 
(whenb = Oanda = 3). 
So it follows that a = l and 332d + 20c = 130b + 1334 
= 166d + 10c = 65b + 667 from which it follows that 
(iii) b is also odd. 


Then RHS = 2 (mod 10) > LHS = 6d = 2 (mod 10) also > d = 2 or 7 
(mod 10), and, since 1 < d < 9,d = 20r7. 


Casel: d = 2 = 10c = 65b + 335 => 2c = 13b + 67. 
Butc < 9 > LHS < 18<67< RHS, so that there are no solutions 
in this case. 

Case ll: d = 7 = 495 + 10c = 65b > 99 + 2c = 13b. 


Now 0 < c < 9 => LHS = 99, 101, 103, ..., 117 and, of these 
possibilities, only 117 (whenc = 9)isa multiple of 13. 


Thus, from Case II, we must have a = l, d = 7,c = 9andb=9 (since 
117 = 9 x 13) giving N = 1997 as the only possible solution, and it is easily 
checked that this does indeed Satisfy the requirements of the problem. 


Solution 2 


Since R(N) = 4N + 3 isa four-digit number, 4N + 3 < 10000, so that the 
first digit of N must either be 1 or 2. However, the first digit of N is the final 
digit of R(N), which is odd. Thus the first digit of N is 1. 


It follows that 4N + 3 has final digit 1 and this requires N to have final digit 2 


or 7. But R(N) = 4N +33 4000 and so R(N) cannot have first digit 2. 
Hence the final digit of N is 7. 


7 
We now have 7000 < 4N + 3 < 8000, so that the first two digits of N are 17, 18 
or 19. Of these, 18 can be ruled out immediately since it gives R(N) = 7*81 
which leaves a remainder of 1 (instead of 3) upon division by 4. Thus 
N = 17%7 or 19*7, corresponding to 4N = R(N) — 3 = 7*68 or 7x88. 
Recalling that N has final digit 7 (not 2), we see that its last two digits must be 
17 or 67 in the first case, and 47 or 97 in the second. 


For the resulting four possibilities: N = 1717, 1767, 1947, 1997 we have 


4N + 3 = 6871, 7071, 7791, 7991 
with, again, only the one possibility fitting the bill, namely N = 1997. 


Note: In the third paragraph of this solution, another observation which couid 
be used to fill in the *s (once we have arrived at N = 17*7 or 19*7), is thai 
N + R(N) is divisible by 11. This is easily established: 


(1000a + 100b + 10c + d) + (a + 10b + 100c + 1000d) = 1001 (a + d) + 110(b +c) 


and 1001 and 110 are each multiples of 11. [In fact, the same result holds 
whenever N has an even number of digits.) Then we require 5N + 3 = 0 
(mod 11), ic. 5N = 8 (mod 11). Multiplying by 9 throughout leads to 
45N = 72 (mod 11), ie. N = 6 (mod 11). This reduces the possibilities to 
1777 and 1997, which can be checked as before. 


Remark: Toby Gee noted that, for each k = 
N =2x 10*-!—3 is such that R(N) = 4N + 
digit reverse of N. 


2, 3,..., the k-digit number 
3, where R,(N) denotes the k- 


ze 


2. For positive integers n, the sequence aj, a2, 43, ... , An, ... 1S defined by 


= 
a, = 1, a, = 
n- 


-)(aı + a2 +034 sae + n-1); n>1. 
Determine the value of aj997. 


i — 


Solution 1 
It is natural to start by working out a few initial values. We have 


a, = 1 (given), a) = 3, a3; = 8,a4 = 20, a5 = 48, aç = 112,.... 
Since we are asked for aj997, which is going to be a very large number, a 
factorised form is likely to be the most practicable way of giving it. Factorising 
the first few terms leads to 

a, =2x4,a,=3*x 1,a3 =4x2,a,=5%x4,a5=6%8,a5 = 7 x 16,... 
and it is possible to conjecture that a, = (n + 1)2"~? for all positive integers 
n. This conjecture now needs to be proved. 


The result is true for n = 1, from above. Assume the result is true for all 
n = 1,2, 3,...,k. Then 


8 
k+2 . 5 ess 
Ak+1 = (a, +a+azt+ ... + a,) from the given definition 
= k+2 
= ÉH 4348+ +247? (k + 1)} = S (say). 
Now S= 14+348+420+484+112+ .. + 2*-2(k +1) 
> 2S= 2+6+16+40+ 96+ ... 42*-% Hlk + 1). 
Subtracting gives 
S = -1 - {1+2+4+8+16+ .. + 24?) 4 paket y okt 
=-] - {ores — 1} + kak! 4 247! 
== k24! 
k+2 k-1 k-1 ‘ 
Then az}; = (k.2 ) = (k + 2)2" as required. 


It now follows by strong induction that a, = (n + 1)2"~? for all positive 
integers n. 


Then, finally, ai997 = 1998 x 21995, or equivalent. 


Solution 2 


As an alternative to the initial approach in Solution 1, another natural thing to 
do is to experiment with the sequence-definition. For instance, we could note 
that 


(n— l)a, = (n+ 1){(a, +a, + coo + a,-2)+4,-,}for n> 2 
2n —2 
=(n+1) nitan) = (n+ 1| i an~) 
n 
2(n— 1)(n + 1) 
Sa 
n 


n-2 


n-1 


2(n + 1 
so that a, = ee) a, -1, being true for n > 1 (checking directly in the 


n 
casen = 2 confirms this). 
We can now proceed in a number of different ways. Firstly, we could try and 


use this more concise relationship as part of an inductive proof. With the 
conjecture that 


a, = (n+ 1) 2" * for all positive integers n = ee aay A 
(and knowing it to be true for n = 1, 2, 3, 4, 5, 6,... as already 
determined), we can proceed to deduce that 
2(k + 2) 2(k + 2) k-2 k-1 
= — SSS k = 
Ak+1 kay % kal x (k + 1)2 (k + 2)2 


and the result follows by induction, as before. 


9 


Alternatively, we can attempt to use the first-order recurrence definition to 
obtain the result directly. Now 
2(n + 1) 2(n -— 1 + 1) 


a, = ———~a,_) anda,_; = BER sae a, - 2 together give 
n n- 


_ 2(n + 1) y 2n 


á n me hea 
2 1 5 
_ (n + ys 2n 2 2(n ee 
n n-1 n-2 
_ 2+), 2n x 2a =D, 2 = 2) oo 
n n-1 n-2 n— 3 


_ 2+). 2n 20n- , gO) gD O 


n n-i n-2 “| 3 2 

egret? % ont x 1 (sincea, = 1) 

= 2"7?(n + 1), as before. 
Solution 3 

, 2(n + 1) 
Having derived, as above, the relation a, = —~———a,-1, (n > 1), we can 
n 
2a,, - 
proceed as follows. Rewrite this as > e? “i= and define the sequence 
n 


{b,} by bp = n -forn > 1. Thus b; = fandb, = 2b,-1forn > 1. 


We now have b, = 2b,-1 = 27bp-2 = 2b,-3 =... = 2"7'b) = 2"77. 
Substituting back for a, then gives a, = (n + 1)2"~*, from which 
i997 = 1998 x 2!°”, as before. 


2 


The Dwarfs in the Land-under-the-Mountain have just adopted a 
completely decimal currency system based on the Pippin, with gold coins 
to the value of 1 Pippin, 10 Pippins, 100 Pippins and 1000 Pippins. 

In how many ways is it possible for a Dwarf to pay, in exact coinage, a bill 
of 1997 Pippins? 


Solution 1 

Firstly. note that the ‘extra’ 7 Pippins can only be made up using 1P coins, so 
that the number of ways of making up 1997 Pippins is precisely the same as the 
number of ways of making up 1990 Pippins. 

Using only 1P and 10P coins, a bill of 1990 Pippins can be paid using 0 or | or 
2 or 3 or... or 199 10P coins: that is, in 200 ways. 


10 


If one 100P coin were used, then the remaining 1890 Pippins could be paid in 
190 ways using 1P and 10P coins (by a similar argument). 


If two 100P coins were used, the remaining 1790 Pippins could be paid in 180 
ways, and so on. We see, then, that the number of ways of paying a bill of 
1990 Pippins is 


20 
200 + 190 + 180 + ... +10 = 5 (200 + 10) = 2100, 
by the formula for the sum of the first n terms of an arithmetic progression. 


Finally, if one 1000P coin were to be used, it can be shown similarly that the 
remaining 990 Pippins could be paid in 


100 + 90 + ... +10 = = (100 + 10) = 550 ways. 


Thus the total number of ways of paying (in exact coinage) a bill of 1997 
Pippins is 2650. 


Solution 2 


The following approach is essentially the same as the first one, but more 
obviously ‘builds up’ towards the solution by examining the simpler cases 
where, firstly, only 1P coins are available; then only 1P and 10P coins are 
available: then 1P, 10P and 100P coins are available; finally introducing the 
1000P coin in addition to those of lower value. Also, there is an attempt to 
approach the matter in a way which can be extended to a more general 
situation. 


1997P can be paid in one way using only 1P coins. 


1997P can be paid in 200 ways using only 1P and 10P coins. since we can use 0 
or 1 or 2 or ... or 199 10P coins, making up the remaining amount in each case 
with 1P coins. 


In fact, it is easily seen that if there is a bill of N Pippins. then 
T (N)= the number of ways of paying N Pippins using 1P and 10P coins only 
= FA + 1. 
10 


where [x] denotes the greatest integer less than or equal to x; this is so since we 
can use 


Oorlor... or| | 10P coins 


with the remaining ‘units’ amounts necessarily being paid by 1P coins. 
Alternatively, if N = 10x + y(x 2 0, 0 < y < 9), then T(N) = x + 1. 


If we now include 100P coins, we can choose to pay with 


11 

0 x 100P coins in T (1997) ways 

1 x 100P coins in T (1897) ways 

2 x 100P coins in T (1797) ways 

19 x 100P coins in T (97) ways 
giving, altogether, 200 + 190 + 180 + ... + 20 + 10 = 2100 ways. 
If we let H (N) = the number of ways of paying N Pippins using 1P, 10P and 
100P coins only, then we see that 

H(N) = T(N) + T(N — 100) + T(N - 200) + ... + T(N — 100m) 
where m is determined by the greatest multiple of 100 which can be subtracted 
from N (without leaving a negative quantity); that is, m = | — |. Thus, 
[N/100] 100 
H(N) = > T(N - 100i). 
i=0 

Finally, allowing for the inclusion of 1000P coins, we can choose 

0 x 1000P coins in 2100 ways (as above) 
or 1 x 1000P coin. 
For this latter case we could then choose 

0 x 100P coins in T (997) ways 

1 x 100P coins in T (897) ways 


9 x 100P coins in T (97) ways 
giving a further 100 + 90 + ... + 10 = 550 ways. 


The required answer is thus 2650 ways. 


Solution 3 
Elaborating on the above approaches, let us define the function f (n, k), for 
integers n, k > 0, to be the number of ways of paying a bill of n Pippins (in 
exact coinage) using only 1P, 10P, 100P, ..., 10‘P coins. With this 
notation, we wish to evaluate f (1997, 3). 

[n/10*] 


In general, f (n, k) = > f ((n - 10°i), k - 1), as we have already seen in 
i=0 
the casek = 2. 


Now f (n, 0) = 1 since there is no choice: 
[7/10] 


f(a, 1) = 21 -|i 


12 


f(n, 2) pn {| + i| ” A |=] <td i| 


[1/100] 


=] + i| ~ 10 DE 
(zol) > (lite) +} e SINGS] + 4] 
-Gale = Eh] 


Thus f (1997, 2) = (19 + 1)(199 -5 x 19 + 1 20 x 105 = 2100 


) 1 
and f (997, 2) = (9 + 1)(99 -5 x 9+ 1) = 10 x 55 = 550. 
so that f (1997, 3) = £(1997, 2) + f (997, 2) = 2650. 


l 
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4. Let ABCD be a convex quadrilateral. The midpoints of AB, BC, CD and DA 
are P, Q, Rand S, respectively. Given that the quadrilateral PORS has area 
1, prove that the area of the quadrilateral ABCD is 2. 


Solution ] 


Draw in the diagonals AC and BD. 


Consider triangles APS and ABD. Since P is the midpoint of AB and S is the 
midpoint of AD, it follows that PS is parallel to, and half the length of, BD. 


Thus triangles oe are similar with corresponding lengths in the ratio 1 : 2. 
It follows (for example, from the usual ‘A = 1 xbase x height’ formula), that 


area AAPS = }(area AABD), 
Similarly, area ABPQ = 4 (area ABAC), areaACQR = 4 (area ACBD) and 


13 
area ADRS = }(area ADCA). 

Using the areas as indicated on the above diagram, we obtain the following: 
p+q=}įp+q+w+a+b+r) 
r+łs=ł}4(r+s+q+b+c+t) 
t+u=}(t+u+s+c+d+vy) 


andy +w =}4(~v+w+u+d+a+ p). 


Adding these four equations gives 


Į(+qt+tr+s+t+u+v+w) 


-1{2p+q+r+s+t+u+v+w)+2(a+b+c+d)} 


whencep+qtrtstttutv+w=atbtcrd 
so that areaABCD = 2 x areaPQRS. Given that areaPQRS = 1, we 
immediately obtain areaABCD = 2. 


Note: There is a standard result that, for any quadrilateral ABCD, not even 
necessarily convex, the quadrilateral formed by joining the midpoints of the 
sides is always a parallelogram. This result can be established using the above 
approach: the crucial starting point again being to draw in the diagonals of 
ABCD. There is also a very nice, simple proof using vectors. 


Solution 2 
A more concise approach might run as follows. 


Again, noting the similarity of the various pairs of triangles, we have 


area AAPS = }(area AABD) and, similarly, area ACRQ = 1 (area ACDB). 


Adding these together gives 


area AAPS + area ACRQ = }(area AABD + area ACDB) = 4(area ABCD). 


Similarly, area ABPQ + area ADRS = 4 (area ABCD). 


Thus the area of the four outer triangles is equal to 1 the area of ABCD, from 
which it follows that the area of quadrilateral PORS is also equal to 4 the area of 
ABCD. Given that PORS has area 1, then ABCD has area 2. 


Solution 3 
The following approach avoids the purely geometrical set-up of Solution 1. 


Using the well-known formula for the area of a triangle, namely 
A = hab sinC, we have 


area AAPS = }AP.AS sinA = 4(4AB). (4AD) sinA = }(area AABD), etc. 
and the solution now follows exactly the pattern of Solution 2 above. 


——— nn 


] 
| 
| 
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5. Letx, yand z be positive real numbers. 


1 
(i) Ifx+y+z> 3, is it necessarily true that — + 


1 + 1 < 3? 
xX y z 
l 1 1 

(ii) Ifx+y+z< 3 isit necessarily true that = + = + — > 39 
x y z 


(i) Experimentation should lead quickly to the answer NO. In order to disprove 
the result we simply have to produce a counterexample: that is, a set of values 
of x, y, z satisfying the given conditions but for which the stated result does not 
hold. There are many possible ways to do this; three such ways are given here. 


; 1 TTE: 
Take, for instance, x = 3y =z= — for n a positive integer > 2. 
n 


EE PE TE EN also, 


Then Sey ares ge! 5.4 while — 
n x y z 3 


since n > 2. 


Alternatively, try x = l,y = 2 — £,z = £ where e > 0 is very small (and < 
2 in particular). 


Thenx + y +z = 3but} + 


1 1 f l 
T +> + ease — O0 since — — oœ, 
Xx y zZ zZ 


Or you could choose x = ly = 2,z = 4, 


La 
Thenx + y+z = 3} > 3while— + - A: = 3} > 3also. 
x y z 


(ii) Experimentation Suggests that the answer is YES. Now we must prove that 
this is so. We shall first establish the following result: 


Lemma For positive real numbers x, y, z 


l I 1 
@tytalr+ le t}> 9. 

x y z 
with equality if and only ifx = y = z, 
Proof 1: By the Arithmetic Mean — Harmonic Mean Inequality for positive 
reals x, y, z 

xX+y+z 
3 


” 
Sak 
x 
with equality if and only ifx = y = z. The Lemma follows immediately. 


15 
Proof 2: Applying Cauchy's Inequality (the Cauchy—Schwarz Inequality) for 


positive x, y, z, to the sets {Vx, Vy, Vz} and e = at 


1 1 1y N 
Vx.—= + tig) < e+ ral +— +2), 
1 l 
with equality if and only if Vx: sW: =V: ad 
X ’ 


The Lemma again follows. 


Proof 3: For positive reals x, y, z, 
wryta sos sa34(Fe2)+(2+]e(Esz]aa+24242=9 
x y z y x Zz y) \x z 


by the Arithmetic Mean — Geometric Mean Inequality, which establishes the 
Lemma. 


We can now proceed: 


from which it follows that 


Lyle) >a 


Solutions to the 1998 paper 


l. AS x S square is divided into 25 unit squares. One of the numbers 1, 2, 3, 
4, 5 is inserted into each of the unit squares in such a way that each row, 
each column and each of the two diagonals contains each of the five 
numbers once and only once. The sum of the numbers in the four Squares 
immediately below the diagonal from top left to bottom right is called the 
score. 


Show that it is impossible for the score to be 20. 
What is the highest possible score? 


ees 


Solution 


We start by naming the diagonal from top left to bottom right the major 
diagonal, the four squares below the major diagonal the scoreline, and the 
diagonal from bottom left to top right the minor diagonal. We will call an 
arrangement of the numbers 1,2,3,4,5 in the square valid if it satisfies all the 
criteria of the question. 


We also make the following observations: 


e There is a great deal of Symmetry amongst valid arrangements. If 
any valid arrangement is reflected about the middle column, the 
middle row, the major diagonal or the minor diagonal then the 
resulting arrangement will also be valid. If a valid arrangement is 
rotated about the centre square through 90° then the resulting 
arrangement is valid. If the numbers are permuted amongst 
themselves, for example if the 1s are switched with the 5s, then we 
shall have another valid arrangement. 


° The score itself has reflective symmetry about the minor diagonal. 
Any valid arrangement of numbers in the Square reflected in the 
minor diagonal will give a valid arrangement with the same score. 


To show that a score of 20 is impossible 


To achieve a score of 20 all four entries on the 
scoreline must be 5s. The diagram shows four 5s 
placed in the scoreline. We cannot place a 5 on the 
Shaded squares since this would violate the condition 
that there is only one 5 in any row or column. The 
condition that there should be exactly one 5 on the 
major diagonal cannot be met. Hence a score of 20 is 
not possible. 


17 
To find the highest possible score 
Solution 1 


The highest possible score is 17. To prove this we eliminate the possibility of 
scores 20, 19 and 18 and then find an example of a square with score 17. To 
eliminate the possibilities of scores of 19 and 18 systematically we first 
consider how these totals can be achieved as the sum of four numbers from 1, 2, 
3,4,5: 

19=5+5+5+4; 

18=5+5+5+3=5+5+4+4. 


The numbers making up these scores could appear in any order on the 
scoreline. To avoid repetition of argument we need only consider the 
possibilities for placing a given number, A say, twice on the scoreline. A 
number appearing three times on the scoreline is a special case of this. 

(i) It is not possible to have the same number repeated in the middle two 

squares of the scoreline. 

The diagram shows the placement of the 2 As in the 
scoreline. An A cannot be placed in any of the 
shaded squares without the number of As in a row or 
column exceeding 1. An A must be placed in the 
major diagonal. There are only two possibilities, the 
top left and bottom right squares labelled X in the 
diagram. These configurations are equivalent by 
symmetry about the minor diagonal. Without loss of 
generality assume that an A is 
placed in the top left corner. Now no A can be placed in any other corner in 
accordance with the criteria. Hence the A of the minor diagonal must be placed 
in the position marked with Y. Once this A is placed then there is no square left 
to put the remaining A without violating the conditions of the question. 


(ii) If the same number appears in the first two entries of the scoreline then that 
same number must appear in the top right-hand square. 


The diagram shows the placement of the 2 As in the 
scoreline. An A cannot be placed in any of the 
shaded squares without the number of As in a row or 
column exceeding 1. An A must be placed in the 
minor diagonal. There is only one place for it to go, 
indicated with an X. 
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By symmetry about the minor diagonal we have 


(ili) If the same number appears in the last two entries 
of the scoreline then that same number must 
appear in the top right-hand square. 


(iv) The same number cannot appear twice in the scoreline separated by only 
one square. 


We start by considering the case shown in the 
diagram to the right. There must be an A on the 
minor diagonal. It must go in the top right, indicated 
with an X. However placing an A here excludes the 
possibility of placing an A on the major diagonal. 


By symmetry about the minor diagonal the case 
shown on the right is also excluded. 


A Score of 19 is not possible 


To score 19 there must be three 5s and one 4 on the scoreline. These numbers 
can be arranged in the orders 5554, 5455, 5545, 5554. By (iv) none of these 
arrangements is possible. 


A Score of 18 is not possible 


A valid arrangement with three 5s and one 3 on the scoreline is not possible for 
the same reasons as three 5s and one 4. 


There are 6 possible arrangements of two 5s and two 4s on the scoreline. These 
can be eliminated as follows. 


4455, 5544 — By (ii) and (iii) both a 4 and a 5 must appear in the top right 
square. But any square has only one entry so that this is 
impossible. 


5445, 4554- By (i) these arrangements are not possible. 
5454, 4545 — By (iv) both of these arrangements are impossible. 


! A Score of 17 is possible 


The square on the right shows a valid arrangement 
with a score of 17. 
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Solution 2 (W. Webb, King Edward's School, Birmingham & Jenny Wilson, 
Sutton High School) 
The method of solution is to find the possible structure of any valid 
arrangement up to reflections and permutation of the numbers. 


Let the number in the middle be denoted by the letter 
A. The numbers in the four comers must all be 
distinct from A since otherwise the number of As in 
the major and minor diagonals would exceed one. 
Furthermore, they must be distinct from each other 
since they share a row, column, major diagonal or 
minor diagonal with each other. Without loss of 
generality denote the entries in the corners clockwise from top left by 
B, C, D, E. At this stage we know that the arrangement looks like the square 
shown above on the right. 

Now consider the major diagonal. Two numbers, C and E, occupy the two 
remaining squares. There is reflective symmetry about the minor diagonal so 
we may assume that the major diagonal entries appear in the order 
B, C, A, E, D. (If the order is B, E, A, C, D then reflect the arrangement in the 
minor diagonal and relabel B and D.) Now there are two possibilities for 
placing the remaining B and D in the minor diagonal. These are shown below 
and labelled (p) and (q) for reference. 


(p) (q) 


Now we fill in the values of the remaining squares of 
(p) and (q) as they are determined by the criteria of 
the question. We start with square (p). 


The value of each X in the square on the right must 
be A since a B, C, D and E all appear in the same row 
or column. 


Once these As have been put in place there are two 
possibilities, D or E, for the top row second column 
entry. Once we are committed to one of these then 
the other entries are determined. 

For example if the top row second column entry is D, 
then the top row third column entry is E, and the 
second row middle column entry is B, etc .... 


Te memeri 


a 
{i 
il 
kis 


20 


Proceeding in this way, we arrive at two possibilities for valid arrangements 
from square (p). 


With square (q) there are two possibilities, A or E, for 
the top row second column entry. Once we are 
committed to one of these choices then the rest of the 
values of the squares are determined. 


For example if we suppose that it is an A than the 
bottom row second column entry must be a B, etc. 


In this way we arrive at two possibilities for valid arrangements from square (q) 


We have shown that there are essentially (up to permutation of numbers and 
reflections) four possible valid arrangements of numbers. These either have 
four distinct letters on the scoreline or one letter repeated on the scoreline with 
two distinct other letters. The highest score will be achieved by assigning the 
highest number, 5, to the repeated letter in the scoreline and the next highest 
numbers, 4 and 3, to the two remaining letters in the scoreline. 


This gives a highest score of 17. 
SSMS 


21 


2. Leta, = 19, a, = 98. Forn > 1, define a,,, to be the remainder of 
a, + G41 When it is divided by 100. What is the remainder when 


a + a F ama. “F dt 
is divided by 8? 


Solution 

In this solution we use the established mathematical notation m = r (mod n) to 
mean that m — r is exactly divisible by n, where n is a positive integer (thought 
of as greater than 1) and m, r are any integers. This relationship is equivalent 
tom = r + kn, for some integer k. 

It is easy to check that if a = b (modn) and c = d (modn) then a+c =b+d 
(modn). Indeed, if a=b+pn and c=d+qn then a+c=b+d+(p+q)n, 
where a, b, c, d, p and q are integers. 


The question can now be restated as follows. If a, = 19, a, = 98 and 
Gna. = A, + a„,ı (mod 100) find a} + aj + ... + alog (mod 8). 


We first note that if a = b(mod100) then a = b(mod4) since if 
a=b+100kthena = b + 4 x (25k). Hencea,,. = a, + a,-, (mod 4). 


Next we note that if a = b(mod4) then a’ = b? (mod 8), since if 
a = b + 4kthena? = b? + 8bk + 16k? = b? + 8 x (bk + 2k’). 


Hence we need only consider the sequence a; (mod 4), a; = 3 (mod 4) and 
a, = 2(mod4). From the relationship a,42 = a, + G,+, (mod 4) we get 
a; = 1 (mod 4), a4 = 3 (mod 4), as = 0 (mod 4), ag = 3 (mod 4), a = 3 (mod 4) and 
dg = 2(mod4). We now have a pair of consecutive numbers (3, 2) repeated in 
the sequence. The next term in the sequence a; (mod 4) is found from the sum 
of the previous two numbers so the pattern 3, 2, 1,3,0,3 must be repeated 
indefinitely. 


We have established that, for any integer n, den+ı = 3(mod4), 
Q6n42 = 2(m0d4), agn+3 = 1(mod4), asn+4 = 3(mo0d4), asn+5 = O(mod4), and 
Q6n+6 = 3 (mod 4). Thus 


ens + Ginga + Gen3 + Abn+4 + Agnas + Anso = 3° +2 +17 +3° +0" + 3°(mod8) 
= 0 (mod 8). 
Now 1998 is a multiple of 6 (1998 = 333 x 6). Therefore 
++... +a Elat ... tae) + la+.. + ah) +... +(ajon3 + ... + ais) 
=0+0+ ... +0(mod8) 
= 0(mod8). 
The remainder when a? + a3 + ... + Qjgog is divided by 8 is 0. 


a 
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3. ABP is an isosceles triangle with AB = AP and ZPAB acute. PC is the line 
through P perpendicular to BP, and C is a point on this line on the same 
Side of BP as A. (You may assume that C is not on the line AB.) D 
completes the parallelogram ABCD. PC meets DA at M. 

Prove that M is the midpoint of DA. 


oo eeeeeeeeeeeSSOOOO_ 


We use | AB | to denote the length of the line AB. 
Solution | 


p Weare given vei, = AP |; |AD| = | BC | 
M and AD// BC; |AB| = | CD| and AB// CD. 


A Let X be the midpoint of BP. So 
<BXA = ZPXA = 90° and AX// PM. Let N be 
the point of intersection of the lines AX and BC. 


C Triangles BXN and BPC are similar (ZBXN and 
BPC are both right angles, ZNBX and CBP 
are the same angle at B) and |BXx | = 1| BP|. 


B X P 


Since corresponding sides are in the same proportion it follows that 
|BN| = 4|BC|. Hence |NC| = |BC| - |BN| = 1) BC | 


Now ANCM is a parallelogram since the opposite pairs of sides are parallel. 
Therefore | AM | = INC| = 1|Bc| = 1| AD| and M is the midpoint of AD. 


Solution 2 (Liang Mu, Henrietta Barnett School) 


F Extend the lines BA and PM and label their 
intersection F. Let X be the midpoint of BP. 


Since XA and PF are parallel, triangles BXA and 

D BPF are similar. Now X is the midpoint of BP 

so the ratio of the lengths of corresponding sides 

A is 1:2. Therefore |AF|=|AB| and, since 
ABCD is a parallelogram, | AF | = | DC l. 


Now “MFA = ZMCD and ZMAF = ZMDC 

C (alternate angles) so triangles MAF and MCD 
are congruent (ASA). Hence the corresponding 
sides MA and MD have the same length and M 
is the midpoint of AD. 


— 
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Solution 3 (J.R. Monroe, Westminster School & T. Barnet-Lamb, Culford 
School) 
Introduce a coordinate system with B as the origin, BP as the x-axis and, 
without loss of generality, let P have coordinates (2, 0). 
Point A is equidistant from B and P. Hence A lies on the line x = 1, the 
perpendicular bisector of BP. Let A have coordinates (1, a). 


Line PC is perpendicular to BP. Hence C lies on the line x = 2. Let C have 
coordinates (2, c). 


Now ABCD is a parallelogram so that BA = CD and the coordinates of D are 
(3, a + c). The midpoint of AD is (2, a + $), which lies on the line x = 2. 
Hence the midpoint of AD is the point M, which lies at the intersection of the 
line AD and the extension of the line PC. 


4. Show that there is a unique sequence of positive integers (a,) satisfying the 
following conditions: 


a, = l, a, = 2, a, = 12 


2 
QAn+1aAn-1 = An t 1 for n = 2; 3, 4, s.e. e 


Solution 1 
We first consider the value of a3. 
From aza; = a} + 1, a3 can be either 5 or 3. 


From aja = a} + 1, we get 24 = aj + 1. It follows that a; = 5 is the only 
possible integer value. 


Investigating the first few terms of the sequence find that a; = 1, a = 2, 


127 +1 29? — 70° +1 
a, = 5, ag = 12, as= = 29, ag= L 270, a= = 169, 
169% — 1 
= ——— = 408,.... 
Ag 70 
It appears from these terms that 
. a, +1 
e the +,- signs are alternating so that ax+ı = and 
5 2k-1 
A741 E, 
Q2k+2 = a, 
Ak 


¢ the terms of the sequence (a,) are increasing in size; 


e the sequence obeys the recurrence relation a,41 = 2a, + an- b 
(n > 2). 
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To prove the uniqueness of the sequence, we first show that it must be 
increasing. 

Lemma 1: Forn > 2,a,.; > a, > 1. 

Proof 

The proof is by induction. 


We note that a; > a} > 1 so that the statement is true when n = 2. Let k be 
a value for which a,,; > a > 1 so ayy, — a > 1 and a; È 2 since 
a, +1 and a, are integers. We consider a, 4.3. — dy 41. 


Ak +1 Ł 1 


ak+2 — Ak+1 ~ Ak+1 


ak 
_ A41(Qe41 — ak) + 1 z 
ak 
Hence ak2 > ak4 > 1. 


The statement is true when n 2 and we have shown that if it is true when 
n = k then it is true when n = k + 1. By induction the statement is true for 
all integers n > 2. 


From Lemma 1 above, all terms in the sequence after the second are greater 
than 2. Hence, whenn > 4, a? + 1 anda? — 1, which have a difference of 2, 
cannot both be divisible by a, _,. Therefore the sequence, if it exists, is unique 
because we cannot take both of + and —. 


It suffices now to show that the sequence defined by the recurrence relation 
Qn41 = 2a, + an-1, Qi = 1, ay = 2, which is a sequence of integers, 
coincides with the given sequence. Once again the proof is by induction. 


Lemma 2: The sequence defined by the recurrence relation a,,; = 2an + An—1, 


a, = l,a, = 2 satisfies the relation a,,;a,-; =aZ+1,(n > 2). 
Proof 
We have already seen that a; = 5 satisfies aza; = a3 + 1 so the statement is 
true whenn = 2. 
Suppose that a, ,;4,-, = az + 1. Consider a; , za. 
Since 4,42 = 2a,4; + aq,and2a, = Ak+1 — Ap}. 


ak+24k = (2ak+1 + aay 
2 
= 2a 4 1a% + ak 
2 
= Oe41(Qe41 — ak1) + | 
2 2 
= Ak+1 — Ak+1đ4k-1 + ay 
_ 2 2 2 
= aAk+1 ~ (ak + 1) + a 


= AE F 1. 
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As have shown above that if the sequence satisfies a, + 1an -ı = a2 + 1 when 

= k then it satisfies An +14n 1 = a? +1 when n = k + 1. Since the 

eae satisfies a,.1@,-; = a2 +1 when n = 2 it follows by induction 
that the sequence satisfies a, ,;a,-, = a2 + 1 fore all integersn > 2. 


Incidentally we have also shown that the negative and positive signs alternate. 
Hence the sequence defined by the recurrence relation a,4,, = 24, + an1, 


a, =l, a, = 2 is the unique sequence of positive integers (a,) satisfying the 
conditions a; = l,a} = 2,a, = 12,anda,,\a,-; = a2 + lforn > 2. 


Solution 2 


Establish that there can be at most one sequence of integers satisfying the 
conditions of the question as above. Now define a sequence (a,) by a, = 1, 


aż +1 aż l 

a = 2, am, = ——— and am, = =, (n > 1), and prove by 
Q2n-1 An 

induction that the recurrence relations a+ =2a2,+@,-,; and 


An+2 = 2amn+1 + Am, (n > 1), are satisfied. The sequence is consequently a 
sequence of integers. The inductive step is as follows. 


Assume that the sequence satisfies the recurrence relations for n = k. In 
particular we assume that ax,.,; = 2a + ax-1 and ayy. = Zay4) + a 
First consider a, , 3. 


2 
A%+2 + 1 (2ax%41 + ay)? + 1 
aX 3 = Ferro = haxg + lax + 


Ark +1 Ark +1 Ak +1 


a, + 1 


Bares. + 4a + Amy = 2 (Zax 41 + ax) + Zax + ax-1ı 
= 2d%42 + A241 aS required. 


2 
Q3n43-1 (2242 + Gres1)* — 1 
One. = = ag + 4g + 


Ak+2 Ak+2 AK +2 


2 
A%+1—1 


= Adapt Fogg + Ary = 2(2a2k+2 + Ares 1) + 2a2k+1 + Ar 


= 247,43 + A242 aS required. 
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5. In triangle ABC, D is the midpoint of AB and E is the point of trisection of 
BC nearer to C. Given that ZADC = ZBAE find ZBAC. 


Let X be the point of intersection of the lines AE and DC. 


Solution 1 (John Drury, King's School Rochester & S. Lahiri, Colchester RGS) 


Let P be the point on the produced P 
line BA such that |AP | = |AD| = 
| BD|. 


Since | BP|:|BA|=|BC|:|BE| 
= 2:3, PBC and ABE are similar 
triangles. It follows that 
ZBPC = ZBAE = ZCDA. D 


Hence triangle CPD is isosceles. 
A is the midpoint of its base. So 
AC is perpendicular to DP. Hence 
ZBAC is 90°. 


Solution 2 


Draw a line from D parallel to A 
AE. Let the point of 
intersection with BC be F. 


Triangles BDF and BAE are D 


similar. Since | BD| = 4|BA 

it follows that |BF| = 4|BE 

and so F is the other point of 

trisection of BC. B F E C 
Triangles CEX and CFD are similar with | CE | = 3| CF l So 


|cx|=4|cpD|=|xD]. 


Triangle AXD is isosceles so | AX | = |XD| = | Xc |. Consequently triangle 
AXC is also isosceles. 


Let ZDAX = 0°. Then ZADX = 0° (given) so that ZAXD = 180° — 20° 
(angle sum of triangle). Thus ZAXC = 26° (angles on a straight line) and 
ZXAC = 4(180 - 20)° = (90 — 0)° (triangle AXC is isosceles). So 
ZBAC = ZDAX + ZXAC = (6 + 90 — 0)° = 90°. The angle BAC is 90°. 
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Alternative (Oliver Wicker, Cockermouth School & JJP Young, Nottingham 
High School) 
Since D, A and C are all equidistant from X, there is a circle through D, A and C 
with centre X. DC is a diameter of the circle so ZBAC = ZDAC is the angle 
subtended by a diameter at the circumference of a circle, 90° 


Solution 3 


Let a be the area of triangle AXD, B 
be the area of triangle AXC, y be the 
area of DXEB and ô be the area of 
triangle EXC. 


Triangle ABE has twice the area of 
triangle AEC since it has twice the 
base (|EC| = 4| EB |) and the same 
perpendicular height. So 


at+y=2(6 +0). 


Similarly the triangle BXE has twice the area of triangle EXC and also triangle 
BDX has the same area as triangle ADX. Hence y = a + 20. 


Combining these equations yields a = B. So the areas of AXD and AXC are 
equal. Using the common height from XD to A, it follows that the bases XD and 
XC have equal length. 


The argument that ZBAC = 90° now follows as in Solution 2. 


Solution 4 

Let AB = band AC = c. Then AD = LAB = 1b and CE = 4CB =1(b-c). 
— — —> 

Hence AE = AC + CE = 4b + 4c. 

Taking A as the origin, the vector equation of line DC isr = 4b + A(c — 4b) 

and the line AE is r = u(4b + 4c). These two lines meet at X when 

}(1 - a) = dwandd = ŝu. 

The solution to these simultaneous equations isà = 4 andu = 3. 

The value A = } implies that X is the midpoint of DC. 


The argument that ZBAC = 90° now follows as in Solution 2. 
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Solution 5 (Seung-Tae Han, Hurstpierpoint College) 


Let H be the point on the extended line AC such that |AC| = |cA|. 


Then BC joins a vertex of the triangle ABH to the midpoint of the opposite side. 
So BC is a median of triangle ABH. 


It follows that E is the centroid of the triangle ABH since it is two thirds of the 
way along the median BC from the vertex B. It follows that AE is also a median 
of the triangle and, extended, bisects BH at G, the point of intersection. 


Since |AD| : |AB| = |AC| : |AH| = 1 : 2, DC is parallel to BH. So the 
extended line AE must cut DC and BH in the same ratio. Hence | XD| = |XC\|. 


The argument that ZBAC = 90° now follows as in Solution 2. 


Solution 6 (R. Palmer, Haybridge High) 

Construct a line through C parallel to A 
AB. Let J be the point where this line 

meets the extension of the line AE. 


Since AB and CJ are parallel, the 
triangles EAB and EJC are similar. It 
follows from the fact that E is a point of 
trisection of BC that the ratio of the 
lengths of corresponding sides of these 
triangles is 2: 1. 


Thus |AD| = 4|AB| = |JC|. The opposite sides AD and CJ of ACJD are 
parallel and of the same length so ACJD is a parallelogram. X is the point 
where the diagonals of the parallelogram meet. Therefore X bisects the 
diagonals AJ and DC. Hence | DX | = |XC |. 


The argument that ZBAC = 90° now follows as in Solution 2. 
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Solution 7 (Liang Mu, Henrietta Barnett School). 
Construct a line through D parallel to BC. 


Let K be the point of intersection of this line with AE. Since DK is parallel to 
BE, triangles ADK and ABE are similar. Furthermore, since D bisects AB, the 


ratio of the lengths of corresponding sides is 1:2. Therefore 
|DK| = 4|BE| = [EC]. 
The angles ZXKD and ZXEC are A 


equal, as are ZXCE and ZXDK 
(alternate angles). Since sides DK 


and EC are equal, triangles XKD and D 

XEC are congruent (ASA) and 

|xD| = |xc|. 

The argument that ZBAC = 90° 

now follows as in Solution 2. B E C 


Solution 8 (L. .J. Halliwell, Madras College) 

Introduce coordinate axes with C 

A as the origin. Let the x-axis 7 

be the line AB and the y-axis be 

the line perpendicular to AB, E 
through A. In this coordinate 

system we may, without loss 

of generality, label the point D 


(1, 0). 
Since D is the midpoint of AB, 
B is the point (2, 0). X is A D Bx 


equidistant from A and D. 
Hence X lies on the line 


Let the coordinates of C be (a, b). Since E is the point of trisection of BC 
closer to C, it has coordinates (2*¢2, 24). The line AE has equation y = ~4; x 
and intersects the line CD, which has equation y = “452, at (1, 4). But this 


is the point X which lies on the line x = 4. Therefore a = 0, C lies on the y- 
axis and ZBAC = 90°. 
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Solutions to the 1999 paper 


1. Ihave four children. The age in years of each child is a positive integer 
between 2 and 16 inclusive and all four ages are distinct. A year ago the 
square of the age of the oldest child was equal to the sum of the squares of 
the ages of the other three. In one year’s time the sum of the squares of the 
oldest and the youngest will be equal to the sum of the squares of the other 
two children. 


Decide whether this information is sufficient to determine their ages 
uniquely, and find all possibilities for their ages. 


i 


It turns out that there are two possibilities for the ages so the information does 
not determine the solution uniquely. 


Algebraic Solution 


We start by labelling the children’s ages. Let their present ages be a + l, 
b +1,c + 1 andd + 1. Since their ages are distinct, and they are all aged 
between 2 and 16, we can assume that 


l<a<b<cc<d <€ i5. 
We note thatb < 13 so that (b — a) < 12. 


The information about their ages one year ago gives the equation 

(i) Padt+bh +c’, 

and the information about their ages in one year’s time yields the equation 
(ii) (d + 2) + (a + 2) = (b+ 2) + (c +2). 
Expanding brackets and subtracting the equations gives 

(ii)-(i) A(atd)+a=4(b+0-a 

which rearranges to 


(iii) a =2(b+c-a-d). 


We note that a must be even, since its square is even. Furthermore, since 
d >c, 

2 

a = 2(b —- a + (c - d)) < 2(b - a) < 24. 


We conclude that there are only two possibilities for a, namely a = 2 and 
a = 4. 
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If a = 4 then, since a? < 2(b — a), we have 2b > a? + 2a = 24 so that 
b > 12. This forces b = 13,c = 1l4andd = 15. This contradicts both the 
original equations, (i) and (ii). Hence there is no solution witha = 4. 


If a =2 then (iii) gives b+c—d = 4. Substituting a = 2 and 
d = b + c — 4 into (i) and simplifying gives 


be - 4b - 4c +6 =0 
which is equivalent to 

(b — 4)(c - 4) = 10. 
Now b — 4 and c — 4 are integers between —2 and 10. There are only two 
possible ways to express 10 as a product of two integers in this range. 
10 = 10 x 1 and 10 = 5 x 2. Since c > b and d = b +c — 4, we have 
two possibilities 

c = 14.b=5,d=15 and c=9,b =6,d = 11. 

Both of these possibilities satisfy equations (i) and (ii). 


Hence there are just two possibilities for the present ages of the children (3, 6, 
15, 16) and (3, 7, 10, 12). 


Exhaustive solution (Jennifer Austen, St Edward’s School & Ravi Jain, 
Wilson’s School) 


There are several ways to eliminate possibilities at different stages of the proof 
above. The following proof includes no algebra except for the introduction of 
the initial equations, 


d =a +b’ +c’, (i) 
(d + 2) + (a +2) = (b + 2) + (c + 2). (ii) 
where 1 <a < b <c <d < 15are the children’s ages one year ago. 


We first concentrate on the equation (ii). We need to find two distinct pairs of 
Squares of integers between 3 and 17 which have the same sum. Below is a 
table of sums x” + y? of pairs of distinct squares x? and y*. We look for 
numbers which appear more than once in the table. 


Ea 
—_— 


m IN |N 

2 WI lela le 
NINININI 
<~ 


isa) a [o jm jo [MN jt nN 
N I ien le lajm jea fen [st it Tt pe LS 
Qimjo moe wo lai 
Wim Io IN co 
DBD {oO tn jo 
oœ |o N 


ra) 
Ya < |e —_— NA it ie 
™ + VIAN 


Nn 
eo anny 


= N po 
N 
cf 


We have highlighted in the table eight numbers (130, 185, 205, 221, 250, 265, 


305 and 325) which can be written as the sum of two different squares in two 


ways. These give all the sets of values which satisfy equation (ii), which are 


tabulated below 


Does d*=a?+b*+c?? 
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We have also checked if these possibilities satisfy equation (i). In this way we 


have shown that there are only two possibilities for the ages of the children this 
year, (3, 7, 10, 12) and (3, 6, 15, 16). 
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2. A circle has diameter AB and X is a fixed point of AB lying between A and 
B. A point P, distinct from A and B, lies on the circumference of the circle. 

tan ZAPX 


Prove that, for all possible positions of P, 
an ZPAX 


remains constant. 


We first note that ZAPB = 90° (angle ina 
semicircle). 


We label ZAPX = 6 and ZPAX = ġ. 
Note that tang = ed 
PA 


Geometric Solutions 


For a geometric solution we need to 
construct a right-angled triangle so that we 
may express tan @ in terms of the ratios of 
two lengths. 

Solution (i) 


Construct a line through X perpendicular 
to PB. Let M be its point of intersection 
with the line AP. Note that ZAMX = 90°. 


Then tan@ = Me ana tang = Z gabai ong = —. 
PM AM tang PM 
tan 0 AM AX 
t triangles AMX and APB imil that = — = —. Si 
But triangles an are similar so tha ane PM By’ Since 


X is a fixed point, this ratio is constant as required. 
Solution (ii) 


Extend the line PX to meet the 
circumference again at Q. 


Since AB is a diameter ZAQB = 90°. 

Also ZAPQ and ZABQ are subtended by 

the same chord, AQ, so that ZABQ =0. A 
Similarly ZBQP = ZBAP = @. Itis 
easily checked that triangles APX and 

QBX are similar, as are triangles AXQ 

and BXP. 


A PB 
Now tan = so and tang = pa ® 
that ang N i x ag aA x xQ = a by similar triangles. This 


tnd BO PB XQ BX BX 
ratio is constant since X is a fixed point. 


4 
i 
i 
! 
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Trigonometric Solution 
In this solution we use the Sine Rule which 


B 
states that in any triangle labelled with 
lengths a, b and c and angles A, B and C as c a 
in the picture, 
a b c A 
b C 


sinA sinB sin C 
in Á 
This rearranges to iak “A 
sin B b 
Note first that ZXPB = 90 — 0 and 
ZXBP = 90 - @. Hence, 
tanð sind sing _ sind ye LO8P 


tang ~ cos cosd ~ cos@ sing 
_ sind y sin (90 — ¢) 
sing  sin(90 - 8) 


AX PX 

= — x — (Sine Rule) 
PX BX 
AX 


BX 
As X is a fixed point, this ratio is constant, as required. 


3. Determine a positive constant c such that the equation 
xy -y-xtye=e 
has precisely three solutions (x, y) in positive integers. 


Tabular Solution (Stephen Brooks, Abingdon School) 
We label the function f (x, y) = xy - y - x + y. 
We note that for positive integers x and y 
f(x + 1,y) -f(x y) = y — 1 > 0, wheny > 1 
f(xy, y+ 1)- f(x,y) = 2xy +x - 2y = (x -1Qy+1)+1> 0. 


The following is a table of values of xy’ — y? — x + y for different integers x 
and y. The inequalities above establish that, except for the first row where 
y = 1, these values increase along the rows and down the columns. 


y occur in the three places 


By inspection we can see that the number 10 can onl 


highlighted. Hence c 


10 is a solution. 


Note 


There are many more values for c which 


c = 10 is not the only solution. 


satisfy the criteria of the question. Below is a table with values of suitable 


c < 100 with 
y 


to 


(x, y) 


of solutions 


triplets 


corresponding 


their 


Algebraic Solution 


We start with some observations. 


Hence 


c +l. 


(x, y) = (1,c + 1) is one solution, whatever the value of c. 


° The equation can be factorised to give (y — 1) (y (x-lh+x)=c. 


y 


yields 


equation 


the 


then 


. If x=1 


The second bracket is positive for all positive integers x and y. 


Therefore y > 1 andy — 1 is a divisor of c. 
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The trivial ffactorisations of c give the two solutions 
(x,y) = (1 + 4(c - 1), 2), (a = 1, b = c) and (x,y) = (l,c + 1), ( 
a = c,b = 1) providedc = 1 mod3. 


Since x is an integer then (a + 2) must be a divisor of (b — 1), or 
b = 1 mod(a + 2). Ifb # 1 thena + 2 < b — 1 sothata < b + 3. This 
suggests a search for values for c which are the product of two primes, pi < pa, 
three or more apart, satisfying p = 1 mod (p, + 2)andc = pip, = 1 mod3. 
In this way only three of the four possible factorisations of c into pairs, (a = 1, 
b = c), (a =c, b = 1), (a = pj, b = p) could yield solutions, since 
(a = pz, b = p,) does not satisfy a < b. 


The prime pair pı = 2, pọ = 5 satisfies these criteria. The equation 

-y’-x+y=10 has exactly three solutions in the integers, 
(x, y) = (1, 11), (x, y) = (4, 2), (x, y) = (2, 3). Hence c = 10 is a 
solution. 


4. Any positive integer m can be written uniquely in base 3 form as a string of 
0’s, 1’s and 2’s (not beginning with a zero). For example 
98 = (1 x 81) + (0 x 27) + (1 x 9) + (2 x 3) + (2 x 1) = (10122). 
Let c (m) denote the sum of the cubes of the digits of the base 3 form of m; 
thus, for instance 


c(98) = 1 +0 +1 +2? +7 = 18. 
Let n be any fixed positive integer. Define the sequence (u,) by 
u =n and u, = c (u 1) for r > 2. 
Show that there is a positive integer r for which u, = 1, 2 or 17. 


The digits of a base 3 number are at most 2 and so their cubes are at most 8. If 
a number, q, has k digits in base 3 then the sum of the cubes of its base 3 digits 
satisfies c (q) < 8k. Furthermore q > 3*~' since its leading digit is not zero. 


We can check by substitution that 347! = 81 x 3475 > 8k whenk = 5. The 
same inequality follows for integers k > 5 since the left hand side, 81 x 3475, 
increases by at least 81 each time k is increased by 1, whereas 8k increases by 
just 8. Hence it is established that q > 347! > 8k > c(q)whenq > 81. 


If27 < q < 53 then c(q) < 1° + 2? + 2? + 2? = 25 < q, since q has four 
digits, with first digit equal to 1 in base 3. 

If 54 < q < 80 then c(q) < 2? + 2? + 2? + 2? = 32 < q since q has four 
digits in base 3. 

We have established above that, when u, > 27, u, = c(u,) < u, ie. the 
sequence will decrease until it reaches a number less than 27. There must be a 
term, us, in the sequence with u, < 27. We need only check to see what 
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happens to the terms in the Sequence after u,. Below is a table of possibilities. 


Since 1, 2 or 17 appears in each of the sequences we have proved the required 
result. 


5. Consider all functions f from the positive integers to the positive integers 
such that 
(i) for each positive integer m, there is a unique positive integer n such 
that f (n) = m; 
(ii) for each positive integer n, we have 


f(n + 1) is either 4f (n) - l orf (n) — 1. 


Find the set of positive integers p such that f (1999) = p for some function 

f with properties (i) and (ii). 
san a a 
We consider the sequence f (1), f (2), f (3), .... Condition (i) states that every 
positive integer appears exactly once in this sequence. Condition (ii) states that 
terms in the sequence are either bigger, f (n + 1) = 4f (n) — 1, or exactly one 
smallerf (n + 1) = f(n) — 1, than their predecessor. If a term, f(n + 1), is 
bigger than its predecessor, f (n), then every term which follows in the sequence 
is also bigger than f (n). This is because successive terms in the sequence can 
only decrease in steps of 1. If the sequence were to decrease to f (n) or below 
then there would be two terms in the sequence equal to f (n). Since every 
positive integer must appear in the sequence exactly once, it follows that 
f(n + 1) must equal f (n) — 1 if f(n) - 1 does not appear in the sequence 
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before f (n). Otherwise f (n + 1) = 4f(n) — 1. 

The number 1 must appear in the sequence. If it is not the first term then it must 
be preceded by 2. Also 1 must be followed in the sequence by 3 since there are 


no smaller positive integers. Hence, if 2 precedes 1, then 2 must be the first 
term. 


We have established that either f(1) = 1 or f(1) = 2. We have also 
established that, once the first term in the sequence is decided then the rest of 
the sequence is fully determined. 


Iff(1) = 1thenf (2) = 3,f (3) = 2,f(4 = 7,f (5) = 6,... 
This sequence is described exactly by the algebraic rule 
f(2" +k) = 2"! -(k +1), where n =0, 1, 2, ...,and0<k<2"-1. 


We can prove this formula for f (t) by strong induction. 


It gives the correct result for t=1=2°+0 since f(1)=1 and 
2+1 (k+1)=2'-1=1. 
Now we assume that the formula is true for all 


t < s, and consider when 
t=stl. If s=2 +k, with O<k< 2"-2, then 
f(s) = f(2" + k) = 2"*! — (k + l)andf(s + 1) = f(s) — 1, since, by the 


inductive hypothesis, the values between 2n and 27+! _ (k + 2) have not 
appeared in the sequence fC), f (2), ... f (8). Thus 
f(s+1)=f(2+k+1)=2"*!-(k+1)-1=2"*'-((k+1)+1). If s= 2" +k, 
with k=2"—1, then f(s) = 2" and f(s + 1) = 4f(s) — 1, since, by the 
inductive hypothesis, the value 2” - 1 = f (2"-') already appears in the 
sequence. Hence we have f(s + 1) = f(2"*') = 4x 2"-1 =2"*?-1. In either 
case the formula gives the correct value for the term in the sequence. The 
formula is correct for t = 1 and, if we assume that it is correct for all values of 
t < s then it is true fort = s + 1. Hence we have proved that the formula is 
correct for all positive integers t by induction. 


Now 1999 = 2'° + 975. Hence f (1999) = 1072. 

If f(1) = 2 then f(2) = 1, f(3) = 3,f(4 = 11, f(5)=10, ...f (11) = 4, 
f (12) = 15,...f(15) = 12,f(16) = 47,... | 
This sequence is described exactly by the algebraic rule 

f(4" +k) =3x 4"-(k+1), where n =0, 1, 2, ...,and O < k 
f(3x 4" +k) = 4"*! — (k +1), where n = 0, 1, 2, ..., and 0 < 
This formula can also be proved by induction. 

Now 1999 = 4° + 975. Hence f (1999) = 3 x 1024 - 976 = 2096. 


The set of positive integers p such that f (1999) = pis {1072, 2096}. 
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Solutions to the 2000 paper 


1. Two intersecting circles Cı and C, have a common tangent which touches 
Cı at P and C3 at Q. The two circles intersect at M and N, where N is 
nearer to PQ than M is. The line PN meets the circle C, again at R. Prove 
that MQ bisects angle PMR. 


M 


ZS 


a 


Join the points M and N. 


Let PMN = a, ZNMQ = Band ZQMR = y. 

Then ZQPN = a and ZPQN = £$ by the alternate segment theorem applied 
respectively to the circles C, and C}. 

Furthermore ZQNR = y since angles QMR and QNR are subtended by the 
same chord, QR, in the circle C3. 

The external angle, ZQNR, of the triangle ZPNQ, is equal to the sum of the 
internal opposite angles, ZOPN and ZPON. 

Hence a + 6 = yand ZPMQ = ZQMRas required. 


4 Set e 
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Alternative Solution (P. S. Cooper, SEEVIC) 


Pea 


a) 
P Q 
Produce the chord RM to meet C; at S. Join the lines MN, SP and RQ. 
Let ZMPQ = 0, ZMQP = ġo and ZPMQ = y. Note that 


0 + + y = 180° (angle sum of triangle POM). 
By the alternate segment theorem ZPSM = 0, and ZQRM = ġ. 


Now ZRNM = ZPSM = 6 (exterior angle of cyclic quadrilateral SMNP) and 
ZMOR = ZMNR = 86 (angles subtended by the same chord, MR). 


Hence ZOMR = 180° - 0 — ọ = y (angle sum of triangle MQR). 


We have now shown that ZQMR = ZPMQ and the proof that MQ bisects 
ZPMR is complete. 
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2. Show that, for every positive integer n, 


121" — 25" + 1900" — (-4)" 
is divisible by 2000. 


We first note that, since 2000 = 24 x 5? and the highest common factor of 24 
and 5° is 1, it suffices to prove that the given expression is divisible by 16 = 24 
and 125 = 53 separately. 


Method 1 (using factorisation) 


We also note that any expression of the form (x" — y"), where n is a positive 
integer, has (x — y) asa factor: 


(x ~y)=(x -= y}(x"! +x? r a a HETTY A., ty"), 


By pairing off terms in the given expression, we can deduce quickly that it is 
divisible by 16 and 125: 


121" — 25" + 1900" — (-4)" = (121" — 25") + (1900" — (-4)’) 
= 96c + 1904d, where cand dare integers 
= 16(6c + 119d) 
121" - 25" + 1900" — (-4)" = (121" - (-4)") + (1900" - 25") 
= 125a + 1875b, where aand bare integers 
= 125(a + 15b). 
Method 2 (using modular arithmetic) 
121 = 25 (mod 16) = 121” = 25” (mod 16) 
1900 = -4 (mod 16) = 1900" = (—4)" (mod 16). 
Hence 121” — 25" + 1900" — (-4)" = 0 (mod 16). 
Similarly 121 = —4 (mod 125) = 121" (—4)" (mod 125) 
1900 = 25 (mod 125) = 1900" = 25” (mod 125). 
Hence 121" — 25" + 1900" — (-4)" = 0 (mod 125). 


In each case we have shown that 121” — 25" + 1900" — (—4)" is divisible by 
16 and 125 and hence that it is divisible by 2000. 


EES 
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3. Triangle ABC has a right-angle at A. Among all points P on the perimeter 
of the triangle, find the position of P such that AP + BP + CP is 
minimised. 


C We start by labelling the lengths BC, AC, AB by a, b, c 
respectively as shown on the diagram. 


We consider separately the possibilities: P is on AC, P is 
b : on AB, P is on BC. 


If P is on AC, then AP + CP = b so minimising 

AP + BP + CP amounts to minimising BP. This occurs 

A c B when P is at A, since the perpendicular distance of a point 
from a line is the least. The minimum of AP + BP + CP in this case is b + c. 


Similarly if P is on AB, then AP + BP = cso that minimising AP + BP + CP 
amounts to minimising CP. For the same reason, this also occurs when P is at 
A and the minimum of AP + BP + CP is once again b + c. 


Now suppose that P is on BC. Then BP + CP = aso that 
minimising AP + BP + CP amounts to minimising AP. 
This happens when AP is perpendicular to BC. This length 
is labelled d in the diagram on the left. In this case the 
minimum of AP + BP + CPisa + d. 


The question now boils down to a comparison of a + d 
with b + c. 


Method 1 


We note first that we can find the area of the triangle ABC in two ways, yielding 
łbc = ład, which gives us 2bc = 2ad. 


By Pythagoras' Theorem a? = b? + c’, and, since d? > 0, 
we have a? + d? > b +e. 


Hence a? + 2ad + d > b? +2be + è 


i.e. (a +d) > (b +c) 
1.€. a +d > b + csinceall quantities are non-negative. 
Method 2 


Let angle ABC = 6. Then d = c sin@ and b = asin@. Since BC is the 
hypotenuse, a > cand, since 0° < 0 < 90°,1 — sin@ > 0. Hence 


a(i — sin@) > c(l — sin 0) 
i.e. a + csin >c+t+asin@ 
i.e. a+d>b+te. 
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Method 3 (S. E. Thomas, Kingston Grammar School) 


C Consider the inscribed circle of triangle ABC. 


Note that the distances from a point outside a circle 
x along the two tangents to where they meet the circle 


a are equal. We label the distances from points B and C 
along the sides of the triangle to the circle x and y 
y respectively. We also label the radius of the circle r. 
r This is the distance from the point A to the circle. 
A r y B 


Thenb+c=x+y+2randa+d=x+yed. 
It is clear, for example by considering similar triangles, thatd > 2r and hence 


thata+d >be. 


Conclusion 


We conclude that the minimum of AP + BP + CPis b + c and occurs when P 
is at A. 


SR a 


4. For each positive integer k, define the sequence {a,} by 
a = 1, a, = kn + (-1)"a,_, foreach n > 1. 
Determine all values of k for which 2000 is a term of the sequence. 


We prove that the terms in the sequence take the form 


Asm = 4mk + 1 
Gam+1 = kK - | 
A4m+2 = (4m + 3)k - 1 
A4m+3 = 1 (m > 0). 


We start by considering the odd terms in the sequence. 
If n is odd then, from the definition of the sequence, 
an2 = k(n + 2) + (-1)"*? an; 

= k(n + 2) - an4; 
k(n + 2) - (k(n + 1) + (-1)"*!a,) 
k(n + 2) -k(n + 1) - a, 

=k-a, 
Applying this formula twice, we have an+4 = k - an42 = k — (k — an) = ay. 
Since ay = k — 1, the odd terms in the sequence are given by 
A4m+1 = k - 1, Aan +3 = |], 
Having established this relationship, the formulae for A4m+2(m > 0) and ay, 
(m 2 0) follow from the definition of the sequence: 
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aama = k(4m +2) + (1) (k - 1) ii 
= k(4m+2)+(k-1) 
= (4m + 3)k—-1 
We conclude that 2000 appears in the sequence if 
1999 
4m 


solutions for k since 4 is not a factor of 1999. 
e 2000 = k — 1. This yields just one solution, k = 2001. 


° 2000 = (4m + 3)k -lork = n43 


are 2001 = 3 x 23 x 29. The factors of 2001 are 1, 3, 23, 29, 
3 x 23 = 69,3 x 29 = 87,23 x 29 = 667 and 2001. Of these only 
3, 23, 87 and 667 have the form 4m + 3, where m is an integer. These 
give 667, 87, 23, 3 as the only possible values of k in this case. 
e 2000 = 1. This gives no solutions. 
The values of k for which 2000 is a term of the sequence are 3, 23, 87, 667, 
2001. 


aO 


Il 


k (4m) + (-1)"" aym- 1+3 
4mk + 1 


e 2000 = 4mk +1 or k = 


. This does not yield any integer 


. The prime factors of 2001 


5. The seven dwarfs decide to form four teams to compete in the Millennium 
Quiz. Of course, the sizes of the teams will not all be equal. For instance, 
one team might consist of Doc alone, one of Dopey alone, one of Sleepy, 
Happy and Grumpy as a trio, and one of Bashful and Sneezy as a pair. In 
how many ways can the four teams be made up? 

(The order of the teams or of the dwarfs within the teams does not matter, 
but each dwarf must be in exactly one of the teams.) 


Suppose Snow White agreed to take part as well. In how many ways could 
the teams then be formed? 


a ae 


We assume throughout that a team has at least one member and that all the 
players are assigned to a team. 


Method 1 — Recurrence Solution 


Let ng , be the number of ways of forming t teams from d players, with £ < d. 
In this notation, the question asks us to find 77,4 and ng, 4. 


There is only ever one way to form 1 team from d players, comprising all the 
players, so thatng, = 1. 


There is only ever one way to form d teams from d players, where each player 
constitutes a complete team, so that nga = 1. 


Let us now single out a player, Bashful say, when we want to form ¢ teams with 
d players (including Bashful), 1 < £ < d. There are 2 cases. 
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Bashful could be a team on his own. The number of ways of arranging this is 
Nda~1,r¢-1, the number of ways to form the remaining t — 1 teams from the other 
d — 1 players. 


Alternatively Bashful could be in a larger team. We start by considering the 
other players. They can be placed into ¢ teams, in Ng-1,. ways. Now Bashful is 
added to one of these ¢ teams. Each arrangement of the other d — 1 players 
into ¢ teams and each addition of Bashful to one of these teams gives rise to 2 
different arrangement of t teams with d players, yielding a total of t x Nd-11 
ways in which Bashful can be in a team with other players. 


Hence we have the recurrence relationship ng , = Nd-1,:-1 +t X Nna-1,, which is 
used to calculate the values in the table above. 

We get the answers n4 = 350 andng 4 = 1701. 

Method 2 — Counting Solution 

This solution relies first upon finding out the possible sizes of the teams and 
then counting up the number of ways of placing the dwarfs into teams of these 
sizes. It is essential that a method of counting is chosen so that each possible 
arrangement of teams is counted exactly once. 


7 Dwarfs 

There must always be at least one team of size 1 since 4 x 2 = 8 and there 

can be at most three teams of size 1. The largest possible team size is 4. 

Listing possible team sizes in descending order we get 

4,1,1,1 which can be done in 1C, = 35 ways. (Choose the team of 4 first, 
then the singles are made up from the remaining players.) 

3,2,1,1 which can be done in 7C3x 4C, = 210 ways. (Choose the team of 3 
first, then the team of 2 from the remaining 4, then the singles are 
made up from the remaining players.) 

7 5 3 

2,2,2,1 which can be done in om < ame: 
first team of 2 from 7, the second from 5, the third from 3, leaving 
the final team of 1. However the three teams of 2 could have been 
picked in any order which accounts for the division by 3!.) 


= 105 ways. (Choose the 


This gives a total of 350 ways. 


nE 
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7 Dwarfs and Snow White 

There can be at most three teams of size 1. The largest possible team size is 5. 
Listing possible team sizes in descending order we get 

5,1,1,1 which can be done in Cs = 56 ways 

4,2,1,1 which can be done in 8C,x 4C, = 420 ways 


8 5 
3,3,1,1 which can be done in on = 280 ways 
5 3 
3,2,2,1 which can be done in "Cc. x oo = 840 ways 
8 6 4 2 
2,2,2,2 which can be done in Crex ax = 105 ways. 


This gives a total of 1701 ways. 


oo 
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